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OPTIMAL PLASTIC DESIGN OF
DOUBLY SYMMETRIC CLOSED STRUCTURES

S. C. BarterMaNt and L. P. FELTON]

Department of Aeronautical Engineering, Technion-Israel Institute of Technology, Haifa, Israel

Abstract—Optimal plastic design of doubly symmetric closed ring and frame structures of idealized sandwich
section is formulated utilizing the Marcal-Prager optimization method. Detailed results are presented for
elliptical rings and rectangular frames under uniform internal pressure. As the design load increases, the elliptical
ring requires consideration of two optimal design configurations while the rectangular frame requires considering
eight distinct possible design configurations. Curves of total cost as a function of design load are presented and
results for pure bending are obtained as special cases.

NOTATION
H half-depth of cross-section
M,N,Q moment, membrane force, shear force, respectively, Fig. 2
» plastic resistance of section
Y minimum specified plastic resistance
a b semi-diameters, Fig. 1
q force per unit length
qq collapse load for uniform frame of resistance ¥
s, 1 arc lengths
r radius of curvature
v, U, velocities
&, 2, unit vectors
&k generalized strain rates
o constant
p polar coordinate of generic point
8, B, angles defined in Fig. 2
& rate of rotation
¢ total cost

1. INTRODUCTION

OpTIMAL structural design is a rapidly expanding field as evidenced by the large number
of recent papers reviewed in the comprehensive article by Sheu and Prager [1]. The basis
for the present study is the method of optimal design of perfectly plastic structures intro-
duced by Marcal and Prager [2] which is concerned with minimization of total cost.
Recently, Martin [3] reformulated optimal structural design criteria for a general class of
material behavior and showed that the optimization method of Ref. [2] can be recovered
as a special case. Attention in the present study will be confined to perfectly plastic structures
and we will refer to the optimization technique of Ref. [2] as the Marcel-Prager scheme.

1 On leave 1970-71 from Towne School, University of Pennsylvania, Philadelphia, Pennsylvania.
1 On leave 1970-71 from School of Engineering and Applied Science, University of California, Los Angeles,
California.
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734 S. C. BATTERMAN and L. P. FELTON

The only application of the Marcal-Prager scheme to closed ring and frame structures
is due to Prager [4] who considered the design of a circular ring under two diametrically
opposed concentrated loads. The purpose of this paper is to extend the formulations of
[2, 4] to a broad class of doubly symmetric closed structures, Fig. 1. Limit analysis of
such structures has been treated previously by Batterman [5].

F1G. 1. Representative doubly symmetric closed structure.

Detailed design results are presented herein for elliptical rings and rectangular frames
under uniform internal pressure. The elliptical ring is representative of structures whose
geometry is such that the distance p of the reference line from the center, Fig. 1, varies
monotonically from 4 to B while the membrane force varies continuously in the same
interval. The rectangular frame is typical of structures where p does not vary monotonically
from A to B and, in addition, the membrane force is discontinuous at the corner.

2. GOVERNING EQUATIONS

1. Statics, kinematics

A doubly symmetric closed structure of arbitrary shape subjected to uniform internal
pressure g per unit length is shown in Fig. 1. The semi-diameters along the axes of symmetry
are denoted by a and b, where a > b and the structure is assumed smooth at 4 and B for
simplicity. The distance of a point on the reference line of the structure from the center
(intersection of the axes of symmetry) is denoted by p. To avoid possible confusion it is
noted that p is not, in general, the radius of curvature of the reference line.

A free-body diagram of a portion of the structure from A to a generic point P is shown
in Fig. 2 where the positive directions of the stress resultants acting on the cross-section
are also indicated. The membrane force N at point 4 is ga while the shear force Q is zero.
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FiG. 2. Notation and sign convention.

By summing forces in Fig. 2 it can be shown [5] that the bending moment is given by

M= M +3(p*~a?) (1)

while the membrane and shear forces are given by, respectively
N = gpsin(0+f) @
Q = gpcos(0+f) (3)

where 0 and B are angles defined in the figure. Note that 0+ § is the angle between the
radius vector g and the tangent to the reference line (direction of N) at the point. For a
given geometry 6 + f may be considered to be a function of p but it is noted that this function
is not necessarily single-valued or continuous.

To describe the kinematics of the problem reference is again made to Fig. 2. The arc
length to a point from some reference point, say A, is denoted by s while &, and &, are unit
vectors tangent and normal, respectively, to the reference line. The angle ¥ is the angle
that the normal to the reference line makes with the x axis while r is the radius of curvature
at the point P. The components of velocity in the directions of ¢, and e, will be denoted
by v, and v,, respectively.

If we adopt the classical Bernoulli-Euler assumption that plane cross-sections of the
structure remain plane and normal to the reference line as the structure undergoes de-
formation it may readily be shown that the generalized rate of strain associated with axial
force is

v

o Un 4
£= v+ 4)

while the generalized rate of strain associated with bending moment is

v

] 5
r
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In (4) and (5), primes denote derivatives with respect to s and = v /r—v) is the rate of
rotation of a given section. Furthermore it is noted that only M and N are the generalized
stresses while Q is a reaction to the kinematic constraint of the Bernoulli-Euler assumption.

2. Yield condition, Marcal-Prager optimization scheme

The structures to be examined in detail in the following developments will be assumed
to have idealized sandwich sections consisting of two thin perfectly plastic face sheets
of variable area separated by a core of constant specified depth 2H. The yield condition
for such sections is

IM(p)l + HIN(p)l = M (p) (6)

where M, is the fully plastic moment or plastic resistance of the section. M, N and M,
are taken as functions of p, Fig. 1, and no confusion should arise in those situations when
8+ B is not a single-valued and/or continuous function of p. Equation (6) is represented
by the square locus shown in Fig. 3 where the flow rule is also indicated [6].

Optimal designs will be obtained by following procedures originated by Marcal and
Prager [2] and subsequently applied by Prager to circular rings [4]. Cost per unit length,
¢, will be assumed proportional to the value of plastic moment in excess of some prescribed
minimum, Y; ie.

0 for0<M, <Y (7a)
*(M) ={
oM, —-Y) forM,>Y {7b)

where o is a constant. Total cost of a structure is then given by

o= pmyds ®)

It has been shown [2, 4] that optimal designs are obtained from equations (6)8)
whenever the stress resultants are in equilibrium with the applied loads and compatible
with generalized strain rates satisfying

4 v’+v" {0 for M, =Y (9a)
&l == — =

or «H forM,>Y (9b)
. v)’ {0 fOl'Mp:Y (9¢)
Kl = S =
i (U" r « forM,> Y. Od)

The optimal design determined by the aforementioned procedure will have minimum
total cost, equation (8), and will consist of a distribution of M, from which the variable
face sheet cross-sectional area is obtained as A = M /2Hg,.
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3. DESIGN ILLUSTRATIONS

1. Monotonically decreasing p
(a) General formulation. As the first design illustration consider a structure where p
varies monotonically from p = ato p = b and 8, Fig. 2, is continuous in the same interval.
For loads g < g, where [5]
4Y

T = 2 W 2H(a+b) (10)

the structure designed with minimum section Y will be sufficient to carry the loads. When
q = q, the structure will collapse, in the limit analysis sense, with plastic hinges forming
at A and B. In order to carry loads g > ¢, the minimum section Y must be increased in
some regions while it will suffice in others. The goal is to find the distribution of the fully
plastic resistance M, which will minimize the total cost.

One quadrant of the structure at incipient collapse is shown in Fig. 4. The darker lines
emanating from A and B schematically indicate the extent of the regions in which M (p),
to be determined, is greater than Y. At the end of interval @ (or beginning of @), where
§ = 5, and at the beginning of interval @ (or end of @), where s = s, , the minimum plastic
resistance Y is sufficient. Hence it follows from (6) that

M(p,)+HN(p,) = Y (11a)
—M(p,)+HN(p,) = Y. (11b)

From conditions (9) resulting from the Marcal-Prager optimization scheme we have:
Interval ©® (0 <s<s,)

K =a (12a)
€ =oaH (12b)
H] Mp=200HA

\3\ ,"/ HJ[:;:—.\: A

o= YIELD STRESS
OF MATERIAL
|
1€
Mp ___J H
x
T -
Myl
Mp

Mp .u.p——4

FiG. 3. Yield locus and flow rule for idealized sandwich section.
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OPTIMALITY CONDITION : $1=53-S;

F1G. 4. Configuration for monotonically decreasing p (heavy lines indicate regions of equal length in
which M, > Y).

Interval @ (s, <5 <s,)

k=0 (13a)

§=0 (13b)
Interval @ (s, < s < s55)

K= —0a (14a)

é=aH. (14b)

Combining (5) with the first of equations (12)—(14) and using the fact that ¥ must be
continuous at s, and s, and vanish at s = 0 and s; [4], we obtain

S, =835, (15)

Hence at the optimum design, equation (15) states that the length of interval @ is
equal to the length of interval ®. Note that equation (15) includes as a special case the
condition derived by Prager [4] for a circular ring. It is worth emphasizing that equation
(15) is independent of the type of loads carried by the ring and is the key to obtaining
optimal designs for structures of the type considered in this section.

For a given geometry, pairs of values of p,, p, satisfying (15) may be obtained. Once
corresponding p, and p, are known ¢ and M may be determined from (1) and (11). The
optimal design is then obtained from (1), (2) and (6) as will now be shown.

Substituting (1) and (2) into (11) and solving for g gives

4 _ 1 ~(b/a)* +2(H/a)(1 + b/a) B
do  (p/) —(p/a)* + AH/a)[(p,/a) sin(0, + B,) +(p,/a) sin(0, + )]

(16)
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where use has been made of equation (10). Quantities with the subscript 1 are evaluated
at p = p, while quantities with the subscript 2 are evaluated at p = p,.
M can be expressed in either of the following forms

M = Y—Hgp, sin®,+$,)+3(o* ~ p}) (17)
or
M = — Y+ Hgp, sin(0, + ﬂ2)+%(p2— p2). (18)
From equation (17)
M| = Y+~ p})— Hap, sin(0, +8), » = p, (19)
while from (18)
M| = Y+3(p3=p?)~Hap,sin0,+ 8. p < p. (20)

Hence the optimum design follows from (2), (6), (19) and (20) as

M,(p) = Y+3(p2 = pY+ Hqlpsin@+p)—p,sin®, +B)),  a=p=p,  (Cla)

M,(p) = Y+3(p3 =)+ Halp sin@+f)—p, sin0, +B,),  b<p<p, (1b)

Mp)=Y, p,<p<p,. (21¢)

The total cost is obtained from
<I>=4ocf (M,—Y)ds (22)
0

where the integration extends over one quadrant of the structure.

The optimal design given by equations (21) is valid until region @ joins region @ at
s, = s, = s;/2 and region @ has vanished entirely. Suppose this joining-up occurs at
q = g* corresponding to p = p, at s; = 5,/2. Since M = 0 at p = p, it follows from
(1)and (11)

M =3(p*~p2) (23)

Y 1

~ Hp, sin(0,+B,) @)

q*

where we note that for a given geometry 0, and f, are evaluated at p,. Note that (24)
can also be obtained from (16) when p, = p, = p,,.
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It then follows from (6) and (23) that the optimal design for ¢ > g* is given by
M,fp) = 1p* ~ p3l +apH sin(0+ p). 25)

The total cost is still obtained from (22) with M, now given by (25).

It is worth mentioning that the effect of axial force in all the preceding equations, as
well as in the entire paper, can easily be traced by simply noting those terms containing H.
Results for pure bending, i.e. with axial force interaction neglected in the yield condition,
can be obtained by setting = 0 in all equations where it appears. In particular note
that if axial force interaction were neglected, regions (1) and (3) would join only at infinite
q*, equation (16) or (24).

(b) Numerical results for elliptical ring. The equations of the previous section, which
are independent of the shape as long as the conditions on p are satisfied, will be used to
obtain numerical results for the family of elliptical rings

2 (2
e+l

2
= g* 26)

for discrete aspect ratios (b/a) varying from zero to unity. In fact, results for a circular ring,
b/a = 1, may be obtained immediately from the equations of the previous section as

N=ga, M=0 (27a,b)
M, = qaH (27¢)
Y
= ¥ =
Qo=0"= 5 (27d)
and
H
® = 2nao[qaH — Y] = 2n~—qa3a[1 —?—O], 45 (28)
a q 4o

It is also worth mentioning that for uniform internal pressure the pure bending
approximation is obviously not physically meaningful for a circular ring.

Figure 5 shows curves of p,, p, which satisfy the optimality conditions, equation (15)
and Fig. 4, for three discrete aspect ratios. These curves were numerically obtained on a
digital computer from the elliptic integral expressions which result from the equal arc
length condition, equation (15). Optimal designs can then be obtained from Fig. 5 and
equations (21).

Total cost, equation (22), was obtained by numerical integration and is shown in
Fig. 6. The abscissa was chosen in order to facilitate cost comparisons at a given design
load g for prescribed values of Y and a. The value H/a = 0-1 is considered to be the highest
reasonable value for a structural theory approach to be valid. Results for pure bending
(H/a = 0) are also shown in Fig. 6 as well as equation (28) for a circular ring.

It is seen from the figure that axial forces have a considerable effect on the cost. In
addition, the choice of aspect ratio has a major influence on the cost at a given design load.
Furthermore because of axial force interaction and the choice of non-dimensionalized
coordinates, the cost curves can cross and, indeed, do for the aspect ratios shown in Fig. 6.
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F1G. 6. Nondimensionalized cost vs. load for plastically optimized eiliptical rings of various aspect ratios.
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Hence, if faced with a choice of several competing aspect ratios for a given range of design
loads it is necessary to determine the entire cost curves in order to arrive at the most
efficient, i.e. least cost, design.

2. Non-monotonic p: rectangular frame

As the second design illustration consider a rectangular frame, a > b, one quadrant of
which is shown in Fig. 7. The significant feature of the rectangular frame for the purposes
of this illustration is that p does not vary monotonically from 4 to B. In addition the
membrane force changes discontinuously from ga to gb at the corner. Consequently, the
details of the solution are considerably more involved than in the previous case and require
distinguishing between several distinct configurations in which M, has to be increased
over the specified minimum Y in certain regions.

Y
a 1 5
Ble-tla=t2 C 'i"l P’
i2 /‘ J_lz
b f4 P —— Pa £a Pz
] Amx !
o el
la=1z ' la 1 i3
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F16. 7. Possible configurations for plastically optimized rectangular frames (heavy lines indicate regions
in which M,, > Y ; dashed arrows indicate possible sequences of development of various configurations).
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(a) Initial configuration. The collapse load g, for a frame of uniform minimum section
Y may be obtained from equations (1}, (2) and (6) as

4Y

T @ 2H(a+b) )

o

Equation (29) is derived by noting that hinges will form at the corners in the shorter
sides, where M and N have maximum values, and at the mid-points of the longer sides
[(0, b) and (0, — b)] where the moments have minimum algebraic values.

For loads slightly greater than ¢, the optimal design will have the initial configuration
shown in Fig. 7.1 where the heavy lines indicate the regions where M, > Y. Following
the procedure which led to (15), the regions of increased resistance in Fig. 7.1 must have
equal length, ie. I, = I, = I. The equations governing the initial configuration are then
obtained as

- MA—g(pi —a)+Hgh=Y (30a)
4.5 _
MA+§(p2—a J+Hga=Y (30b)
p2=br4 P2 (30c)
pr=a’+bB-1? (30d)
which lead to
do _ 2bl

g~ @ 2HaTb Gh

The initial configuration for the optimal design will terminate in one of two ways,
beyond which new formulations are necessary depending on the ratios b/a, H/a and g/q,.
First, the region of increased resistance may propagate along the short side to point A.
Second, before the region of increased resistance propagates to A a new region of increased
resistance may start to propagate from the corner € into the long side. It may also be
shown that what appears to be a third possibility of the initial configuration terminating
by a region of increased resistance starting at 4 and propagating into the short side will
not occur.

Consider first the case when the configuration of Fig. 7.I terminates by the region of
increased resistance spreading to A. This occurs when { = b at loads designated g}. From
(31) it follows immediately that

q% 1

o 32

0 20y 52
1+2(H/a)(1 +b/a)

Next consider the configuration of Fig. 7.1 terminating when a region of increased
resistance starts at C into the long side at loads designated ¢¥. The limiting condition is
now

M, +Hgtb =Y (33)
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which, when combined with (30a), leads to
43 1+2H/a)(1+b/a) (39)
4o 1—(l/a)*+4(H/a)(b/a)

Solving (31) and (34) simultaneously results in

+ b
% . [1+2E(1+—H
9o a a

{?.(b/a)2 —[1+2(H/a)(1 + b/a)] + 2(b/a)[(b/a)* + 2(b/a)(H /a)— 2(H/a)}} 35
4(b/a)*[1 +4(bja)(H/a)]—[1 +2(H/a)(1 + b/a)}? - 69

Equations (32) and (35) intersect at
H
(b/a), , = ——5+\/ [(H/a)*+2H/a)] (36a)

gt2 _ 1+2H/a){1—(H/a)+./[(H/a)’ + AH/a)]} (36b)
go  1-2(H/a)—6(H/a) {H/a—/[(H/a)* + 2(H/a)]}

Figure 8, about which more will be said shortly, shows equations (32) and (35) for
H/a = 0-1. The intersection (36) occurs at (b/a), , = 0-358, q¥ ,/q, = 1-252. This is denoted
by point E in Fig. 8.

(b) Formulations forq > qf andq > q3.(a)b/a < (b/a), ,:For frames with b/a < (b/a), ,
the initial configuration terminates by the region of increased resistance propagating to 4,
Fig. 7.111. We then note that because of the discontinuity in N at C, a new region of increased
resistance will not start to propagate from C into the long side until the load exceeds a
value designated ¢%. For loads gf < g < ¢% the optimal configuration will be shown in
Fig. 7.111, where M, can be determined from (1), (2), (6) and (30a) (with [ = b). The limiting
condition governing the determination of g% is {33} and g% can, in fact, be determined
immediately from (34) with ! = b. Hence

g _ 1+2H/a)(1+bja)
qo 1—(b/a)*+4(H/a)(b/a)

which is also shown in Fig. 8 for H/a = 0-1. One end point of (37) coincides with (36)
while the other end point (at b/a = 0} is denoted by D in Fig. 8. Note that points D and E
approach the origin (0, 1-0) as H/a — 0, indicating that for a condition of pure bending
configurations 7.1 and 7.111 could not occur and the initial configuration for q/q, > 1.0
would correspond to that shown in Fig. 7.11

For loads slightly greater than ¢% the configuration is given by Fig, 7.V. The pertinent
equations governing this configuration are similar to (30),

(37)

-M, -%(pi —a®)+Hgb =Y (38a)
M, +%(p§ —a)+Hgp= Y (38b)
p? = bP4 2 (38¢)

p? = b +(a—1,) (38d)



Optimal plastic design of doubly symmetric closed structures 745

8.0
wn
Y 7.0
9
% i
6.0 — %A,
5.0
'S
40 Vi
*
3.0 % /0
X ]
%4 K
1]
2.0 n
93/%0
1.0 A T
o0 234 5 .6 .7b/.a .9 1.0
a

FIG. 8. Configuration regions for plastically optimized rectangular frames, H/a = 0-1 (Roman numerals
correspond to configurations shown in Fig. 7).

and
b+l =1, (38e)

where it is noted that equation (38e) follows from the optimization conditions {9). Equa-
tions (38) may be solved simultaneously with the result

q _ 14 2(H/a)(1 + b/a)
4o (1+b/a)[1—(bja)—2Aly/a)] +4(H/a)(b/a)’

Configuration 7.V is valid for g% < g < q¥ where g% is the load at which l;+1, = a.
From this and equation (38¢) we conclude that for ¢ > g%

I, = (a—by2. (40)

(39)

Substituting (40) in (39) then gives

o ot [N

a portion of which is shown in Fig. 8. It is worth noting that the junction of I; and I, occurs
at an inflection point (M = 0).

(b) b/a > (b/a), ,: As noted previously, for b/a > (b/a), , the initial configuration
terminates when g = ¢%. For ¢ slightly greater than g%, the regions of increased required
resistance will be as shown in Fig. 7.11. The governing equations are given by (38) with
the exception that equation (38e) is replaced by

Ltly =1, (42a)
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and the additional equations
M +3p3-ah)+Hga = ¥ (42b)

p3 = a*+(b—1,) (42¢)

are required. These last two equations are identical to (30b) and (30d). Equations (42)
and (38) may be reduced to

q _ 1+2(H/a){1 +b/a)
4o AH/a)bla)+1~(1y/a)* = 2[(l,/a)+ 1] (}s/a)

(43a)

% = 1~ /[1+2(H/a)(1 - b/a) - 2Ab/a)(I,/a)+ (1,/a)*]. (43b)

As was the case for the initial configuration, configuration 7.11 may also terminate
in one of two ways. First, the region of increased resistance in the short side may propagate
from the corner to 4, and second, a new region of increased resistance may start to propagate
from A.

The load g¥ at which the configuration of Fig. 7.1 terminates by the region of increased
resistance spreading from the corner to A is given by (43) with [, = b,

@ 1 +2(H/a)(1+b/a)
do  HH/a)(bja)—(1+bfa)’* +2[1 +(b/a)]/{(1 ~b/a)[1+ 2AH/a) + (b/a)]}’

The limiting condition for the second possibility, in which the required resistance at
A reaches Y at loads g, is

(44)

—M, +Hgta =Y. (45)
Combining this with (42) leads to

gt 1+2H/a)(1+b/a) 6

qo  [(b/a)—(ly/a))* +4(H/a)
Simultaneous numerical solution of (46) and {43) leads to ¢¥/g, as a function of b/a and
H/a only.

In Fig. 8, equations (44) and (46) are shown over their ranges of applicability for
H/a = 0-1. The intersection (b/a)s ., denoted by F n Fig, 8, is equal to approximately
0-5988 and approaches 0-6 as H/a — 0. The value (b/a); , represents a boundary between
subsequent configurations at loads greater than that corresponding to point F.

For b/a < (b/a)s ¢ and q slightly greater than g% the configuration is again given by
Fig. 7.V. Thus, for frames with (b/a), , < b/a < (b/a)s ¢ and q > g%, optimal designs are
defined by the same configurations as for the previously examined frames with b/a < (b/a), ,
and q > q3.

For b/a > (b/a)s ¢ and g slightly greater than g§ the configuration is given by Fig. 7.1V.
The governing equations are (38), (42b) and (42c) with the addition of

-M, —%(pf @)+ Hga=Y (47a)

p? = a?+ 1 (47b)
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and the replacement of equation (38¢) by the optimization requirement
L+, =1L+ (47¢)

Equations (38), (42) and (47) constitute a system of nine simultaneous equations in nine
unknowns which are amenable to numerical solution.

Configuration 7.1V terminates at loads ¢% for which the regions of increased resistance
in the short side meet at some point intermediate to 4 and C. The values of this limiting
load may be obtained directly from equations (42b), (47a) and (47b) by setting p, = p, or,
equivalently, by noting that the junction of /, and [/, occurs at an inflection point. The

o=~ L] o) “

Equation (48) has as one end-pomt the previously defined point F (Fig. 8), indicating that
at F four configurations occur simultaneously.

For loads slightly greater than ¢%, the configuration is as shown in Fig. 7.V1. The
governing equations follow immediately from those for Fig. 7.1V by setting p, = p,,
as noted above. Furthermore, the subsequent limiting loads for the termination of con-
figuration 7.VI are defined by the same equations with p; = p,. The result is identical
to equation (41) derived previously (g¥Hb = Y) and appears in Fig. 8 as the boundary
between regions VI and VIIL

(c) Numerical results. It is evident from Figs. 7 and 8 that the optimal design of a
general rectangular frame is tedious and divides itself into the consideration of eight
distinct configurations. For illustrative purposes, relevant results will be presented for
two cases, i.e. a square frame (b/a = 1) and a frame with b/a = 0-5.

(a) b/a = 1.0: The collapse load ¢, for a square frame of uniform minimum section
Y is obtained as a special case of (29) as

4Y

a*+4Ha' (49)

do =

For g > ¢, it follows from symmetry that the optimal configuration is given by Fig. 7.1V
with p, = p, (I; = ;) and p, = p; (I, = [3). The optimization condition (47c) then requires
[, = I3 = l. From equations (42) and (47) we find

1=1(1—f’2)(1+45) (50)
a 2 q a

It follows from (50) that the interval of minimum uniform plastic resistance Y will
vanish (I = a/2) for ¢ > g* where

* _

which is a special case of equations (41) or (48).

For the case of pure bending note that g* would be infinite and (50) would reduce, as
it must, to the corresponding expression derived by Marcal and Prager [2] for a fully
fixed beam.
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Completing the design leads to

M (p) = Y+%(pf—pz), a<p<p (52a)
M (p) =Y, pPLEp<p, (52b)
M (o) = Y+%(p2—p§), pr < p<ay2 (52¢)
when g < ¢* and
5
M, (p) = -g—zaz— 2|+ Hya (53)
when g = g*.
Evaluating the total cost from (22), (52) and (53) gives
2 H 2 2 H
oot cwftf ) o
q a ) q a
when ¢ < g* and
H
@ = aqa3[1+8——2g‘—’(1+4£)] (55)
a q a

when q = g*.

Figure 9 shows a nondimensionalized plot of cost vs. load obtained from equations
(54) and (55). Although the functional form of the cost equation changes at g = g* it
follows from (54) and (55) that the slope of the curve for b/a = 10 in Fig. 9 is continuous
at ¢ = g*. The curve for pure bending, H/a = 0, is obtained from equation (54).

(b) b/a = 0-5: As may be seen from Fig. 8 a frame with b/a = 0.5 assumes, in sequence,
optimal configurations shown in Figs. 7.1, 7.IL, 7.V and 7.VII as g/q, increases from 1.0.
Corresponding required plastic moments and costs are presented in this section. Those of
region I will be omitted because of this region’s limited extent (g/q, < 1-095) which decreases
with decreasing H/a, and in the interest of brevity.

From equations (6), (38) and (42), the resistance required in those segments of con-
figuration 7.1 where M, > Y may be given by

- tY—an+~§[p2—(bwlz)z——az]HHN. (56)

Here, N equals ga in the short side and gb in the long side. Substituting (56) into equation
(8) results in

D ISR R e
A ot

t3
At feis
q a a a 4o 4o o

where q/q,, [,/a and [3/a are obtained from equations (43).

I/\
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0 i 2 3 4 5 6 7
qa?
LY

Fi1G. 9. Nondimensionalized cost vs. load for plastically optimized rectangular frames.

Similar procedures applied to the governing equations of configuration 7.V lead to

15 H 4/H\? 1 H H
A PO i I PR L1 PUME R | YL I SO S
qoa 16 a 3\a 6\ g a q a
H %k *
—(9+8—)], L IR (58)
a 90 4q0 4qo

and, for any value of b/a in configuration 7.VII to

R O O S R B MR e

*
><(1+9H(1+9), 4 4 (59)
a a 90 4o

Note that for H/a = 01, g%/q, = 1-095, q%/q, = 1-816, q¥/q, = 6-5 while for H/a = 0,

q3/90 = 1-0, q¥/q, = 2-873 and g%/q, = .
Equations (57)«59) are also shown in Fig. 9 for the values H/a = 0-1 and H/a = 0.
It may be seen here too that axial forces have a considerable effect on the cost of optimal
structures. The choice of aspect ratio also has a more pronounced effect on cost of frames
which include axial forces than on those designed with the assumption of pure bending.
Thus, for H/a = 01 a frame with b/a = 0-5 is significantly less costly than a square frame
although both are less efficient than similar frames for which H/a is less than 0-1. For
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H/a = 0 the cost difference between frames of the two aspect ratios shown is generally
small. It may also be noted from Figs. 6 and 9 that for the same aspect ratio and value
of ga?/4Y, rectangular frames are considerably more costly than elliptical rings.

As g/qq, — oo the cost curves in Fig. 9 approach asymptotes which are easily evaluated
from equations (54), (55), (58) and (59). It is of interest to note that for H/a = 0 the two
cost curves cross each other and in the limit the cost of the frame with b/a = 0-5 approaches
®/qua® = 15/16 while that for the square frame approaches ®/qxa’® = 1-0.

4. CONCLUSIONS

Optimal plastic design of doubly symmetric ring and frame structures has been con-
sidered. The Marcal-Prager optimization scheme has been applied to a broad class of
these structures under uniform internal pressure loading and detailed resuits have been
presented for elliptical and rectangular structures. The extension of the procedures to
encompass other classes of shapes or cross-sections, or other types of self-equilibrating
loading systems is of no conceptual difficulty although computational difficulties may be
considerable.
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A6erpakr—HMcmonb3ys meroa onTuManuzauun Mapkana-Ilparepe, naercs GopMyna omruManbHOro
pacHeTa B IUIACTHYECKOH obnactu ams ABOMHBIX CHUMMETPHMECKMX 3AMKHYTHIX KOMBLUEBBIX ¥ DAMHBIX
KOHCTPYKUMi, o0nazawciuuMx HICANBHBIM MHOrocTOoHrbiM ceueHuem. [Ipeactasnsiorcs noapobibie
PE3YALTATR A JUIMIITHYECKHX KOJCH W MPAMOYIOAbHbIX PaM, HOABEPKEHHBIX ACHCTBUIO BHYTPEHHOTO
nmasienus. Korma pacyeTHasi Harpyska yBEJSMYMBAETCH, TOTAQ ANS INUMTHYECKOTD KOAbUR CleayeT
paccMaTpuBaTh OBE PACYETHBIE ONTHMAJIbHbIE KOHQUIypauuu, a s OpasMOYTONHOM pamMbl BOCEMb
BOIMOXHBIX KOHGUrypanuit. JatoTcs KPUBbIE NOAHONK CTORMOCTH, B CMBIC/IE DYHKLIMM PACYETHON HATPYIKH.
Kax cnenMaibHBIE Clly4aH, ONY4aI0TCA PE3YALTaThl A8 yucToro Hirnba.



